Abstract. An explicit formula for the Schur multiplier of the group of unitriangular matrices over products of cyclic rings Z/mZ and Z is derived. We use it to provide presentations of the corresponding covering groups and touch upon the question of finding their nonisomorphic representatives.
In general, there are two basic approaches in determining the Schur multiplier of a group -either using a combinatorial description of the multiplier, provided by Hopf's integral homology formula [10] , or using algorithms from the theory of polycyclic groups [12] . The latter are more suited for computer computations, while Hopf's formula requires a neat presentation of the given group. We rely here on some fairly recent results of [4] , where certain presentations of the unitriangular groups in terms of generators and relators are given. These presentations are proved to be minimal for the groups UT n (Z/mZ) with m odd. We use this presentation and Hopf's formula to obtain a description of M(UT n (Z/mZ)) first, and then generalize the technique of the calculation to the case of unitriangular groups over products of such rings. As a consequence, Theorem 1.1 may be applied to the work of [4] in proving that the presentations of the groups UT n (Z/2Z) and UT n (Z) are also minimal.
Another advantage of the above approach is that it provides a simple way to obtain free presentations of all covering groups of the unitriangular groups UT n (F p ). This in a way solves a problem posed by Berkovich in [2] , asking for the multiplier of UT n (F p ) and a description of its covering groups. The remaining issue is determining isomorphism representatives of these groups. It is well-known that they all belong to the same isoclinism family, and we show that in the case n = 3, any stem group of the family is a covering group and there are precisely p + 7 of them whenever p > 3. It is not so for n > 3, where the appearance of an additional central element causes certain complications. We provide experimental data, which indicates that the situation gets somewhat out of control in this case.
Our methods do not seem to be applicable in a more general setting of determining the multipliers of unitriangular groups over any finite field. In principle, this could be done by tackling the problem with the theory of central extensions of polycyclic groups [12] , since unitriangular groups admit an efficient polycyclic presentation. Nonetheless, these techniques quickly become far too complicated to do them by hand.
Multipliers over cyclic rings
We first deal with unitriangular groups over the rings Z/mZ for any integer m.
Recall from [4] that a presentation of UT n (Z/mZ) is given by the set of generators S = {s i | 1 ≤ i ≤ n − 1} subject to the set R of relators in Table 1 . Furthermore, relators in the final row of this table are unnecessary for odd m. Here, the generators s i correspond to elementary matrices I + E i,i+1 in the unitriangular group.
Let F be the free group on S and R the normal subgroup of F generated by R, so that F/R is a free presentation of the group UT n (Z/mZ). Its Schur multiplier is Table 1 . Relators in the presentation of UT n (Z/mZ).
We first restrict the orders of some special elements of this group, gathered in Table 2 . Table 2 . Generators of M(UT n (Z/mZ)) and their orders. 
The first commutator is trivial, whereas the second and third one can be simplified
and
On the other hand, the relator in question may be expressed as
Combining the two, we get
where the last equality comes from the fact that the left commutant of the last commutator is an element of R. This can be checked in the group F/R = UT n (Z/mZ) itself by identifying s i with I + E i,i+1 . The proof is complete.
Next, we show that these elements form a generating set of the multiplier. Table 2 generate the group
Lemma 2.2. Relators of
Expand it as a product of conjugates of elements of R.
Using the previous lemma, we may assume w can be written as a product of relators of Proof. Let w be the product As w is contained in [R, F ], it can also be written as a product of conjugates of commutators, the first commutant of which is a relator. This amounts to
form a basis of the free abelian group γ 2 (F )/γ 3 (F ), so each a ij is divisible by m, hence zero by the restriction a ij < m. Modulo γ 4 (F ), the product w now equals
modulo γ 4 (F ), where the * symbolizes any element of F . Everything except commutators of weight three in which two consecutive generators appear must cancel out, so w equals
. Canceling out the commutators of weight 2, we are left with
2 ) divides the c i , so the restriction on the c i implies they must all be zero. Summing the two equations, we conclude that m divides the b i , so they too must all be zero.
What now remains of the product w is only
We are therefore left with the even case, and the proof of this in done by induction on n.
It is easy to see that we have M(UT 4 (Z/2Z)) ∼ = (Z/2Z) 4 , e.g. use [12, 8] . 
Lemmas 2.2 and 2.3 combined prove our theorem.
Theorem 2.4. The Schur multiplier of UT n (Z/mZ) is isomorphic to
The methods above can also be applied to the group of unitriangular matrices over the ring Z. 
Proof. Pick any even positive integer m greater than max{|a ij |, |b i |, |c i |, 2}. There is a canonical epimorphism UT n (Z) → UT n (Z/mZ), inducing a homomorphism of multipliers. The product of the lemma gets mapped into the situation of Lemma 2.3 and the proof is thus complete.
Theorem 2.6. The Schur multiplier of UT n (Z) is isomorphic to
Alternatively, one can check that the preceding lemmas can be suitably adapted when taking m = 0, thereby directly incorporating Theorem 2.6 into Theorem 2.4.
The obtained results may be applied to the questions regarding minimality (in terms of the number of generators and relators) of the above presentations of groups of unitriangular matrices over Z/2Z and Z. Note that minimality over Z/2Z implies minimality over Z. In [4] , this is done for presentations of the groups UT n (Z/qZ) with q an odd prime by computing the p-rank of H 2 (UT n (Z/qZ), F p ) using a description of the Schur multiplier. Relying on Theorem 2.4, one may check that the very same methods work in the even case Z/2Z.
Corollary 2.7.
The given presentations of the groups UT n (Z/2Z) and UT n (Z) are minimal.
Multipliers over products of cyclic rings
In this section, we extend Theorem 2.4 by determining the Schur multiplier of the group UT n ( r i=1 Z/m i Z), where we assume m i |m i+1 . As with Theorem 2.6, one may take m i = 0 here and the result remains valid. The bulk of the calculation consists of the case r = 2, the rest is done inductively.
So assume first that r = 2, the group in question being
with m 1 dividing m 2 . The presentation of this group is given similarly as in the previous section, c.f. [4] . The generators may be chosen to be
, where s i (λ) is meant to represent the elementary matrix I + λE i,i+1 in the unitriangular group, and 1 ≡ (1, 1), x ≡ (0, 1). The set of relators R consists of elements in Table 3 , where the notation s i (1|x) denotes any element of the set {s i (1), s i (x)}.
First off, we establish a bound on the orders of relators gathered in Table 4 . Table 4 have orders dividing the numbers in the far right column. Table 4 . Generators of M(UT n (Z/m 1 Z × Z/m 2 Z)) and their orders.
Lemma 3.1. In the group F/[R, F ], elements of
Proof. 
Note that the factors of weight three are equal by relation (R.2), since
This implies the equality [s i (1) ,
In a similar fashion, we have
. This concludes the proof of (3). The first two relators of (4) are checked as in the proof of Lemma 2.1, and the third one is straightforward. For the last one, expand the trivial commutator
Now note that both factors of weight three can be simplified. We have
where the second factor is trivial, since
and both of these are trivial by calculations made in part (3). Hence
and analogously 
Thus the order of the relator [s
. This is in turn equal to
] if x appears at least once, as the left commutant only depends on representatives modulo R, and to [s i (1) 
otherwise. These two are of order dividing 2 by the same arguments as those made in the cyclic case.
Next, we prove these commutators are in fact a generating set.
Lemma 3.2. Relators of Table 4 generate the group
Expand it as a product of conjugates of elements of R. As w is contained in [F, F ], the relators (R.1) cancel out. The next two, (R.2) and (R.3), are clear. Relators (R.4) can be obtained from Table 4 as
and relators (R.5) and (R.6) from the calculations made in lemmas 3.1 and 2.1.
Finally, the uniqueness lemma asserts that relators of Table 4 are independent in the multiplier. Table 4 is an element of [R, F ], the corresponding exponents are divisible by the numbers in the far right column of Table 4 .
Lemma 3.3. Whenever a product of relators of
Proof. Let w be such a combination of relators of Table 4 . Note that we may assume the exponents of these relators are bounded by the numbers in the right column of the table by Lemma 3. (5)). Therefore the exponents of these relators in w must all be zero. Only commutators of weight 2 and orders dividing m 1 in Table   4 may thus appear in w. As w is also contained in [R, F ], it can be written as a product of conjugates of commutators, the first commutant of which is a relator.
Modulo γ 3 (F ), this amounts to
Any such product contains only commutators with exponents divisible by m 1 . Since basic commutators form a basis of the free abelian group γ 2 (F )/γ 3 (F ), the rest of the exponents must all be zero by the restriction on the exponents appearing in w. The proof is complete.
Taking Theorem 2.4 in mind, there are (n − 1) + 2
additional relators of order m 1 in Table 4 besides those that make up the multipliers of UT n (Z/m 1 Z) and UT n (Z/m 2 Z). We have thus proved the following.
Theorem 3.4. The Schur multiplier of UT
Again, the methods can be applied to the group of unitriangular matrices over the rings Z/mZ × Z or Z × Z. The presentation of such a group is the same as the one for UT n (Z/m 1 Z × Z/m 2 Z), only relators s i (x) m2 = 1 and respectively Table 5 .
and their orders.
In the general case, the unitriangular group UT n ( r i=1 Z/m i Z) may be generated by the set S = {s i (
Z/m i Z represents the r-tuple consisting of 0 in the first k − 1 places and of 1 in the rest. Inductively, the corresponding table that determines the basis of the multiplier is partitioned into five parts just as Table 5 is, and on each step, additional relators are added. These are collected in Table 6 . Table 6 . Additional generators of M(UT n (
All in all, the number of these additional generators on step r not counting the ones that make up the multiplier of the unitriangular group over They are all of order m r−1 . Inductively, we have proven the following. Using the above, we can also determine the Schur multiplier of the "limit" unitriangular groups with respect to n. Somewhat in the spirit of algebraic K-theory, the infinite unitriangular group UT(R) of a unital ring R may be defined as the direct limit of the groups UT n (R) with upper-left embeddings UT n (R) → UT n+1 (R).
Applying the Direct Limit Argument [3] , the following is straightforward from Theorem 3.5. 
Covering groups over prime fields
In this section, we determine the covering groups of the group of unitriangular matrices over the field F p with the help of Theorem 2.4. Recall that a covering group of a given group G is a stem extension (i.e. the kernel is contained in the center and the derived subgroup) with the quotient group G that is of maximal order among such extensions [10] . It is well-known that all covering groups of G, presented as [12, Theorem 7.4.8] . Alas, these calculations turn out to be rather lengthy. In the smallest case of UT 4 (F 3 ), we used GAP [8] to determine the number of nonisomorphic representatives of its covering groups; there are 47278 of them. This seems to be quite in contrast with the growth of the number given in Proposition 4.3 and indicates a more chaotic behaviour.
